The spread of the HIV/AIDS is still a major concern due to the mobility and travel patterns of high risk populations, thus the study through the use of diffusion equations investigated the consequences of spatial distribution of the high risk individuals. Introduction of the diffusion equations shows that an introduction of infective individuals results in a zone of transition from one equilibrium point to another. This results in formation of a traveling wave solution across the disease free equilibrium and the endemic equilibrium.
Introduction
The transmission of HIV/AIDS is associated with the spatial distribution of the high risk individuals [10] . For example, the spread HIV/AIDS is partially attributed to migration from rural to urban areas and its concomitant return migration [1] . The mobility of individuals can increase the rate of interaction and expose individuals to sexual partners coming from areas of higher prevalence rates [7] . The movement of high risk individuals due to geographic diffusion influence transmission of HIV/AIDS. There are studies investigating statistical associations between migration and reported risky behaviours and observing that inherent characteristics of mobility leads to higher levels of risky sexual behaviour (and hence HIV incidence). The insights on mobility are rarely invoked to explain the relationship between HIV/AIDS transmission and mobility of high risk individuals.
Model Formulation
The large mobility of people within from one region to other influences the transmission dynamics of infectious diseases and hence, a spatial diffusion model is developed to capture the mobility of individuals. The model is summarized as;
∂S(x, t) ∂t = Λ − µS(t) − βCI(t)S(t) N (t) + D ∂ 2 S ∂x 2 , ∂I(x, t) ∂t = βCI(t)S(t) N (t)
where D is the diffusion coefficient with homogeneous Neumann boundary conditions
and initial conditions
The region Ω is assumed to be the whole space (−∞, +∞) . The fluxes of the susceptible class and infected classes are related to their concentration gradient and move from regions of higher concentration to regions of low concentration.
Since the model describes a human population, the population should remain bounded and nonnegative.
Reproduction number
The basic reproduction number is the average number of secondary infections due to a single infectious individual introduced in a fully susceptible population during the entire period of infectivity. From the model (1) and at diffusion free state ( D = 0 ), taking the derivatives with respect to the state variables for the transmission and transition terms, the matrices F and V can be found by
The F i are the new infections (Transmission) while the V i are the transfers of infection (Transition) from one compartment to another. Thus,
Hence, the transmission matrix F and the Transition matrix V are;
The next generation matrix is given by F V −1 . The inverse of the matrix V exists and is given by;
and the next generation matrix F V −1 is
The reproduction number R 0 is given by R 0 = ρ(F V −1 ) as described in [8] , where ρ(F V −1 ) is the spectral radius of the matrix (F V −1 ) . Hence,
4 Local Stability of the Disease Free Equilibria
We linearize the dynamical system (1) around the arbitrary spatially homogeneous fixed point E f (S, I, T, A) for small space and time.
Consider the following system
The characteristic equation resulting from system (10) is given by
where I is the identity matrix, D =is the diffusion terms, and J is the Jacobian matrix of system (1) . Hence, system (10) becomes;
To investigate the stability of the DFE, we compute compute the eigenvalues of Equation (12)
On evaluating Equation (12), we obtain
To compute the remaining eigenvalues, we solve the reduced matrix
For stability of (13), we must have the trace
Hence, Equation (1) will be stable whenever R 0 < 1 and
Global Stability of the Disease Free Equilibria
In this section the Global Stability of the DFE is examined.
Theorem 1. The Disease Free Equilibrium is globally asymptotically stable when R 0 > 1 .
Proof. To proof the Global Stability of the DFE, we shall use the comparison theorem by Lakshmikanthan [9] . At the steady state S = N − I − T − A and using the comparison theorem we have;
Such that (I(t), T (t), A(t)) −→ 0 as t −→ ∞ hence;
where
The eigenvalues of (16) 
For stability of (17), we must have the trace
Hence, Equation (1) will be stable whenever R 0 < 1 and (γ+µ+D)(d+µ+δ+D) δγ > 1 . It follows that the linearized differential equation is asymptotically stable whenever R 0 < 1 . Using Comparison theorem by Lakshmikanthan and substituting I = T = A = 0 into Equation (1) , S(t) −→ S 0 as t −→ ∞ . Hence the DFE is globally asymptotically stable whenever R 0 < 1 .
Local Stability of the Endemic Equilibria
To investigate the stability at endemic equilibria E * (S * , I * , T * , A * ) we use the concept of Turing stability. Linearizing the model at E * (S * , I * , T * , A * ) gives;
For the linearized system, the corresponding characteristic polynomial can be expressed as follows
Substituting the two matrices A 2 and D 2 into (19), we obtain;
To solve Equation (20), we solve the following reduced matrices
On solving Equation (21) we obtain
On solving Equation (23) we have;
Equation (24) will always be negative whenever
On replacing I * and S * in Equation (22) we obtain
Thus, the characteristic equation for Equation (26) is;
The roots of Equation (27) are
The roots of Equation (27) will always be negative whenever R 0 > 1 and
Thus the endemic equilibrium is locally asymptotically stable whenever R 0 > 1 .
Global Stability of the Endemic Equilibria
Let u(x, t) = (S(x, t), I(x, t), T (x, t), A(x, t)) be any solution of model (1) and
be a Lyapunov functional for model (1) . Calculating the time derivative of W along the positive solution of model (1), we get;
the second term of equation (31) is simplified using Green's formula and we thus obtain;
Since ∂u ∂n = 0 on ∂Ω , then
A Lyapunov functional of model (1) at E * is given as
The inequality dW dt = 0 holds iff (S, I, T, A) takes the equilibrium values (S * , I * , T * , A * ) . Since all solutions of Model (1) are positive, the largest invariant subset of the set { dW dt = 0} . Thus, the equilibrium point E * , is globally attractive.
Existence of the travelling wave solution
In this section, we focus on determining traveling wave fronts connecting the disease-free steady state and endemic steady state. To reduce the amount of parameters considered, we introduce the following nondimensional quantities.
With the scalings defined in (35), Equation (1) becomes, on removing bars for simplicity;
We consider the existence of the travelling wave solutions of model (36) satisfying the following asymptotic boundary conditions.
which accounts for transition from DFE E 0 to endemic state E * .
The steady states in dimensionalized model (36) are extinction states (0, 0, 0, 0) , Disease free state (1, 0, 0, 0) and endemic state (S * , I * , T * , A * ) defined by;
A travelling wave solution of model (36) is a solution (S,Ĩ,T ,Ã) with the special form
whereS,Ĩ,T ,Ã ∈ C 2 (R, R 3 ) and v > 0 is a constant accounting for the wave speed.
Substituting (S,Ĩ,T ,Ã) into Equation (36), we havė
Setting D = 0 and linearizing model (39) at DFE equilibrium, we obtain;
The characteristic equation of model (40) is
The roots of equation (41) − (ν + θ + 1) and the other remaining roots are determined by the following equation
which has the solution
If we let ∆ = (
• For ∆ ≥ 0 ; All the eigenvalues of the Jacobian evaluated at E 0 are strictly real and hence a smooth travelling wave profile corresponding to Equation (1).
• For ∆ < 0 ; There exists a non-monotonic travelling wave solution connecting E 0 and E * . Hence existence of travelling wave solution that is periodic and connects the disease free equilibrium and endemic equilibrium.
Numerical Simulation of the Model
Simulation of the density of infections in space and time, results showed that the travelling wave solutions converges to a unique state as shown in Figure 1 . From Figure 1 , the infective individuals will diffuse to regions where there is no infection till an equilibrium is achieved. The numerical result shows that the movement of infectives makes the disease to prevail in the population.
The asymptotic spreading of the infectives shows that there exists a connection between unstable steady state and stable steady state. This is depicted in Figure 2 . susceptible population, then there will a moving transition zone of the infected individuals. This shows that there exists a travelling wave profile connecting the disease free equilibrium and endemic equilibrium.
Conclusion
The introduction of few infected cases at one end of equilibrium results in "a wave of propagation" of infected individuals. Therefore, a transition region from one equilibrium point to another is plausible. This shows that there exits a traveling wave profiles between the disease free equilibrium and the endemic equilibrium on introduction of infected individuals.
